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Abstract In this paper we give an example of a nonlattice self-similar fractal
string such that the set of real parts of their complex dimensions has an isolated
point. This proves that, in general, the set of dimensions of fractality of a
fractal string is not a perfect set.
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1 Introduction
Lapidus and van Frankenhuysen (see, for example, [1, p. 42]) dene a fractal
string L as a disjoint union of open intervals, the lengths of which form a
sequence L = l1; l2; l3; :::, of nite length jLj =
P1
j=1 lj . The geometric zeta
function of L, denoted by L(s), is dened as
L(s) :=
1X
j=1
lsj , s =  + it,
and, under the assumption that it has a meromorphic continuation (also de-
noted by L(s)) to the left of D, the abcissa of convergence of L(s), its poles
are called the complex dimensions of L.
The mentioned authors, in [1, p. 55], introduce the class of self-similar
fractal strings, and they prove (see [1, Theorem 5.2]) that the geometric zeta
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function of each string of the above class has a meromorphic continuation to
the whole complex plane, given by
L(s) =
Ls
PK
k=1 g
s
k
1 PNj=1 rsj , for s 2 C. (1.1)
Here, L = L(1) is the total length of L, the rj 's (N  2), called scaling ratios,
are real numbers of the interval (0; 1) satisfying
PN
j=1 rj < 1, with
1 > r1  r2  :::  rN > 0,
and the gk's (K  1), called gaps, are positive real numbers such that
NX
j=1
rj +
KX
k=1
gk = 1. (1.2)
Whenever the Dirichlet polynomial,
P (s) = 1 
NX
j=1
rsj , (1.3)
has repeated scaling ratios, (1.3) becomes
P (s) = 1 
MX
j=1
mjr
s
j , (1.4)
where the mj 's, called multiplicities, are positive integers. Then, the distinct
scaling ratios 1 > r1 > ::: > rM > 0 (M  2), jointly with their multiplicities,
satisfy the condition
MX
j=1
mjrj < 1. (1.5)
Therefore, each self-similar fractal string L has an associated Dirichlet polyno-
mial P (s) of the form (1.4) satisfying (1.5). Then, according to the denition
of the set DL of complex dimensions of L, from (1.1), one has that DL  ZP (s),
the set of zeros of P (s). The authors introduce the nonlattice case (see, for
instance, [3, p. 65]) when
log rj
log r1
=2 Q, for some j  2, (1.6)
which means that at least log r1 and log rj , for some j  2, are linearly indepen-
dent over the rationals. Whether all numbers in the set flog rj : 1  j Mg
are linearly independent over the rationals, Lapidus and van Frankenhuysen
say that this is the generic nonlattice case. The nonlattice and generic nonlat-
tice terms are assigned to both fractal strings and their associated Dirichlet
polynomials.
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In the present paper we are going to prove that the nonlattice condition
(1.6) is not sucient to assure that the set of the real parts of the complex di-
mensions of a fractal string (or equivalently the set of the real parts of the zeros
of its associated nonlattice Dirichlet polynomial) does not have isolated points.
Even the much more restrictive class of self-similar fractal strings contains, at
least, an element such that the set of real parts of its complex dimensions has
an isolated point.
2 The counterexample
Theorem 1 There exist nonlattice self-similar strings for which the set of real
parts of their complex dimensions has isolated points.
Proof Consider the fractal string L dened by the three scaling ratios r1 =
1=27, r2 = 1=64, r3 = 1=216 of multiplicities m1 = 3, m2 = 1, m3 = 3, and a
gap g1 = 55=64. Then we have
3X
j=1
mjrj + g1 =
9
64
+
55
64
= 1,
so (1.2) is fullled and, consequently, L is a self-similar fractal string. On the
other hand as
log r2
log r1
=
2 log 2
log 3
=2 Q,
L is a nonlattice string. Moreover, noting (1.1), the set of complex dimensions
of L coincides with the set of zeros of its Dirichlet polynomial associated
P (s) = 1  3 1
27s
  1
64s
  3 1
216s
, s =  + it.
Now we claim that the set of real parts of the zeros of P (s) has an isolated
point. Indeed, let RP (s) be the set of real parts of the zeros of P (s). Consider
a complex number s such that 8 s =  1. Necessarily, s is of the form
sk =
(2k + 1)i
3 log 2
, k 2 Z. (2.1)
Then each sk satises
P (sk) = 1  3 1
27sk
  1
8sk8sk
  3 1
27sk8sk
= 1  3 1
27sk
  1 + 3 1
27sk
= 0.
Thus, sk is a zero of P (s) and, taking into account (2.1), its real part, 0,
belongs to RP (s). Now we say that 0 is an isolated point of RP (s). If this is not
so, there exists a sequence of zeros of P (s), say (wn)n1, with n := Rewn 6= 0
such that
lim
n!1n = 0. (2.2)
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Since n 6= 0, it follows that 8 wn 6=  1 for all n  1. It is immediate that
P (wn)
8 wn + 1
= 1  3 1
27wn
  1
8wn
= 0,
because P (wn) = 0. Therefore,
1 = 3
1
27wn
+
1
8wn
,
and by taking moduli we get
1 =
3 127wn + 18wn
  3 127n   18n , for all n  1.
Finally, by taking the limit and appealing to (2.2), we are led to the contra-
diction that 1  2. Hence, as claimed, 0 is an isolated point of RP (s) and our
theorem follows.
Finally, in [1, Remark 8.2], one denes the set of dimensions of fractality of
a fractal string as the closure of the set of real parts of its complex dimensions.
As an easy consequence of the above theorem we obtain the following result.
Corollary 1 There exists a nonlattice self-similar fractal string such that its
set of dimensions of fractality is not perfect.
Nevertheless, in [1, Theorem 8.1], [2, Theorem 3.53] and [3, Theorem 3.53]
one states the following result:
Theorem 2 (Lapidus and van Frankenhuysen, 2003, 2006 and 2013) The set
of real parts of the complex dimensions of a nonlattice string has no isolated
points.
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